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ON COMPACTNESS OF LAPLACE AND STIELTJES
TYPE TRANSFORMATIONS IN LEBESGUE SPACES
ELENA P. USHAKOVA
Abstract. We obtain criteria for integral transformations of Laplace
and Stieltjes type to be compact on Lebesgue spaces of real func-
tions on the semiaxis.
1. INTRODUCTION
Let Lr(I) denote the Lebesgue space of all measurable functions f(x)
integrable to a power 0 < r <∞ on an interval I ⊆ [0,∞) =: R+, that
is
Lr(I) =
{
f : ‖f‖r,I :=
(∫
I
|f(x)|rdx
)1/r
<∞
}
.
If I = R+ we write Lr := Lr(R+), and ‖f‖r means ‖f‖r,R+. For r =∞
we denote
L∞(I) =
{
f : ‖f‖∞,I := ess sup
t∈I
|f(t)| <∞
}
.
Take λ > 0, p ≥ 1, q > 0 and put p′ := p/(p − 1). Assume v ∈
Lp
′
loc(R
+) and w ∈ Lqloc(R
+) are weight functions. In this article we
study compactness properties of two particular cases of an integral
transformation T : Lp → Lq of the form
(1.1) Tf(x) := w(x)
∫
R+
kT (x, y)f(y)v(y)dy, x ∈ R
+,
with a non-negative kernel kT (x, y) decreasing in variable y. We take
as T the Laplace integral operator
(1.2) Lf(x) :=
∫
R+
e−xy
λ
f(y)v(y)dy, x ∈ R+,
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with the outer weight function w(x) = 1 and kL(x, y) := e
−xyλ , and a
Stieltjes type transformation of the form
(1.3) Sf(x) := w(x)
∫
R+
f(y)v(y)dy
xλ + yλ
, x ∈ R+,
with kS(x, y) := (x
λ+ yλ)−1. These operators are related to each other
by (4.7).
With an appropriate choice of λ, v and w transformations L and S
become special cases of conventional convolution transformation F (x) =∫∞
−∞
f(t)G(x− t)dt, −∞ < x <∞ [27, Ch.8, §§ 8.5, 8.6]. The Stieltjes
type operator (1.3) has also connections with Hilbert’s double series
theorem (see [4] for details). Some interesting properties and applica-
tions of the Laplace type transform (1.2) to differential equations are
indicated in [7, Ch. 5].
In this work we find explicit necessary and sufficient conditions for
Lp − Lq–compactness of L and S expressed in terms of kernels kL, kS,
weight functions v, w and properties of the Lebesgue spaces. The re-
sults may be useful for study of characteristic values of the transfor-
mations. All cases of summation parameters p ≥ 1 and q > 0 are
considered. If 0 < p < 1 then T : Lp → Lq is compact in trivial case
only (see [18, Theorem 2]). Note that L2 − L2 compactness of (1.2)
and (1.3) was studied in [25, 26]. We generalize these results for all
positive p and q.
Our main method is well-known and consists in splitting an initial
operator into a sum of a compact operator and operators with small
norms (see e.g. [8], [13], [16]).
The article is organized as follows. Section 3 is devoted to the com-
pactness of the Laplace transformation (1.2). Criteria for the compact-
ness of the Stieltjes operator (1.3) appear in Section 4. Note that the
case of negative λ in S ensues from the results for positive λ by simple
modification of the weight functions v and w. In Section 5 we discuss
cases p =∞ and q =∞. Some auxiliary results are collected in Section
2.
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Throughout the article we assume v, w to be non-negative. Products
of the form 0 ·∞ are supposed to be equal to 0. An equivalence A ≈ B
means either A = c0B or c1A ≤ B ≤ c2A, where ci, i = 0, 1, 2 are
constants depending on λ, p, q only. The symbol Z denotes integers, χE
stands for a characteristic function of a subset E ⊂ R+. In addition,
we use =: and := for marking new quantities.
2. PRELIMINARIES
In this part we set auxiliary results concerning boundedness of the
transformations and adduce some known results on compactness of
integral operators we shall need later on in our proofs.
2.1. Boundedness. We start from a statement for an integral opera-
tor T from Lp to Lq, when p = 1.
Theorem 2.1. [23, Theorem 3.2] Suppose 0 < q < ∞ and a non-
negative kernel kT (x, y) of the operator (1.1) is non-increasing in y for
each x. For all f ≥ 0 the best constant C in the inequality
(2.1)
(∫
R+
(∫
R+
kT (x, y)f(y)v(y)dy
)q
wq(x)dx
)1/q
≤ C
∫
R+
f(y)dy
is unchanged when v(y) is replaced by v¯0(y), where
v¯c1(t) := ess sup
c1<x<t
v(x).
Consider the Laplace operator L. Denote r := p q
p−q
, q′ := q
q−1
,
αq := min{2, 2q−1}, βq :=
 2q−1 , 1 < q ≤ 2,2q−1, q > 2, Vc1(t) :=
∫ t
c1
vp
′
,
Fc1(y) :=
∫ y
c1
f(t)v(t)dt, F(x) :=
∫ c2
c1
e−xy
λ
f(y)v(y)dy,
AL,〈c1,c2〉(t) :=
(
t−λ−c−λ2
)1/q[
Vc1(t)
]1/p′
, AL,〈c1,c2〉 := sup
c1<t<c2
AL,〈c1,c2〉(t),
AL := AL,R+, BL,〈c1,c2〉 :=
(∫ c2
c1
[
t−λ − c−λ2
]r/q[
Vc1(t)
]r/q′
vp
′
(t)dt
)1/r
,
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BL := BL,R+ =
(∫
R+
BL(t)dt
)1/r
, BL(t) := t
−λr/q
[
V0(t)
]r/q′
vp
′
(t),
Bq(t) := t
−λ/qv(t), B¯q(t) := t
−λ/q v¯0(t), Bp :=
(∫
R+
y−λp
′
vp
′
(y)dy
)1/p′
,
Bq′,〈c1,c2〉 :=
(∫ c2
c1
[t−λ − c−λ2 ]
q/(1−q)t−λ−1v¯c1(t)
q/(1−q)dt
)(1−q)/q
,
Bq′ = Bq′,R+ =
(∫
R+
Bq′(t)dt
)(1−q)/q
, Bq′(t) := t
−λ/(1−q)−1v¯0(t)
q/(1−q),
D〈c1,c2〉 := c
−λ/q
2
[
Vc1(c2)
]1/p′
.
Various conditions were found for the boundedness of the Laplace
transformation (1.2) in Lebesgue spaces (see e.g. [3], [5]). Convenient
for our purposes Lp − Lq criterion for L was obtained in [24, Theorem
1] (see also [17, Theorem 1]).
Theorem 2.2. [17, 24] The following estimates are true for the norm
of L :
(i) Denote α1 := αq
−2/q and β1 := β(q
′)1/p
′
. If 1 < p ≤ q <∞ then
α1AL ≤ ‖L‖Lp→Lq ≤ β1AL.
(ii) Let 1 ≤ q < p <∞. If q = 1 then ‖L‖Lp→L1 = Bp. If q > 1 then
α2BL ≤ ‖L‖Lp→Lq ≤ β2BL
with α2 := α(p
′q/r)1/q
′
q−1/q, β2 := β(p
′)1/q
′
.
(iii) Put α3 := q
−1/q, β3 := p
1/p(p′)1/q
′
q−2/qr1/r. If 0 < q < 1 < p < ∞
then
α3 ‖Bq‖p′ ≤ ‖L‖Lp→Lq ≤ β3BL.
(iv) Let 0 < q ≤ 1 = p. If 0 < q < 1 then
α4 ess sup
t∈R+
Bq(t) ≤ ‖L‖L1→Lq ≤ β4Bq′,
where α4 := q
−1/q and β4 := λ
(1−q)/qq−2/q(1− q)−(1−q)/q. If q = 1 then
2−λ ess sup
t∈R+
t−λv¯0(t) ≤ 2
−λ sup
t∈R+
t−λv¯0(t) ≤ ‖L‖L1→L1
≤ ess sup
t∈R+
t−λv¯0(t) ≤ sup
t∈R+
t−λv¯0(t).(2.2)
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Remark 2.3. Integration by parts gives the equality
BrL = (λp
′/q)
∫
R+
[
V0(t)
]r/p′
t−λr/q−1dt,
which is true either v ∈ Lp
′
[0, t], t > 0, or q > 1 (see [23, Remark, p.
8]).
Remark 2.4. Bq(t) in (iv) may be replaced by B¯q(t) (see Theorem 2.1).
Remark 2.5. The lower estimates in (2.2) can be proved by applying a
function ft(y) = t
−1χ(t,2t)(y), t > 0 into (2.1) with v replaced by v¯0.
The results (i) and (ii) of Theorem 2.1 rest on [24, Lemma 1]. The
following statement is its modification for the Laplace operator of the
form f → L(fχ〈c1,c2〉), where 0 ≤ c1 < c2 ≤ ∞ and 〈·, ·〉 denotes any of
intervals (·, ·), [·, ·], [·, ·) or (·, ·].
Lemma 2.6. Let 1 < q <∞. Assume f ≥ 0 and suppose the following
conditions are satisfied:
∫
R+
F q(x)dx < ∞, lim
t→c1
t−λ
[
Vc1(t)
]q/p′
= 0,
lim
t→c2
t−λ
[
Vc1(t)
]q/p′
<∞. Then
αqλq−2
∫ c2
c1
F qc1(y)y
−λ−1dy + αqq−2F qc1(c2)c
−λ
2 ≤
∫
R+
F q(x)dx
≤ (βqλ/q)
∫ c2
c1
F qc1(y)y
−λ−1dy + (βq/q)F qc1(c2)c
−λ
2 .
Lemma 2.6 modifies Theorem 2.2 as follows.
Theorem 2.7. (i) Let 1 < p ≤ q < ∞. The operator L is bounded
from Lp〈c1, c2〉 to L
q if and only if AL,〈c1,c2〉 +D〈c1,c2〉 <∞. Moreover,
α1
[
AL,〈c1,c2〉 +D〈c1,c2〉
]
≤ ‖L‖Lp〈c1,c2〉→Lq ≤ β1
[
AL,〈c1,c2〉 +D〈c1,c2〉
]
.
(ii) If 1 < q < p < ∞ then L is bounded iff BL,〈c1,c2〉 + D〈c1,c2〉 < ∞,
where
α2
[
BL,〈c1,c2〉 +D〈c1,c2〉
]
≤ ‖L‖Lp〈c1,c2〉→Lq ≤ β2
[
BL,〈c1,c2〉 +D〈c1,c2〉
]
.
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(iii) Let 0 < q < 1 < p < ∞. The Laplace operator L is bounded from
Lp〈c1, c2〉 to L
q if BL,〈c1,c2〉 + D〈c1,c2〉 < ∞. If L : L
p〈c1, c2〉 → L
q is
bounded then ‖Bq‖p′,〈c1,c2〉 <∞. We also have
α3 ‖Bq‖p′,〈c1,c2〉 ≤ ‖L‖Lp〈c1,c2〉→Lq ≤ β3
[
BL,〈c1,c2〉 +D〈c1,c2〉
]
.
(iv) Let 0 < q < 1 = p. If L is L1 − Lq–bounded then ess sup
t∈〈c1,c2〉
Bq(t) <
∞. The operator L is bounded from L1 to Lq if Bq′,〈c1,c2〉 < ∞ and
D〈c1,c2〉 <∞. Besides,
α4 ess sup
t∈〈c1,c2〉
Bq(t) ≤ ‖L‖L1〈c1,c2〉→Lq ≤ β4Bq′,〈c1,c2〉 + q
−2/qD〈c1,c2〉.
Remark 2.8. The constants αi, βi, i = 1, 2, 3, 4, in Theorem 2.7 are
defined as in Theorem 2.2. Moreover, if 〈c1, c2〉 = R
+ and
(2.3) (i) lim
t→0
AL(t) = 0, (ii) lim
t→∞
AL(t) = 0
we have DR+ = 0 and Theorem 2.2 has become a case of Theorem 2.7.
Now we start to consider the Stieltjes operator S. Add some deno-
tations
Vt(∞) :=
∫ ∞
t
vp
′
(y)dy
yλp′
, Wc1(t) :=
∫ t
c1
wq, Wt(c2) :=
∫ c2
t
wq(x)dx
xλq
.
Boundedness criteria for S in Lebesgue spaces were found in [2, 10, 21].
The following Theorem 2.9 contains some of them.
Theorem 2.9. (i) [2, Theorem 1] The operator S is bounded from Lp
to Lq for 1 < p ≤ q <∞ if and only if AS := supt∈R+ AS(t) <∞ with
AS(t) := t
λ
(∫
R+
wq(x)dx
(xλ + tλ)q
)1/q(∫
R+
vp
′
(y)dy
(tλ + yλ)p′
)1/p′
.
Moreover, AS ≤ ‖S‖Lp→Lq ≤ γS · AS with a constant γS depending on
p, q and λ only. If p = 1 ≤ q <∞ then ‖S‖Lp→Lq ≈ A1,S, where
A1,S := sup
t∈R+
tλ
(∫
R+
wq(x)dx
(xλ + tλ)q
)1/q
ess sup
y∈R+
v(y)
tλ + yλ
.
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(ii)[21, Theorem 2.1] S is bounded from Lp to Lq for 1 < q < p <∞ if
and only if BS <∞ with
BS :=
(∫
R+
(∫
R+
wq(x)dx
(xλ + tλ)q
)r/q (∫
R+
vp
′
(y)dy
(1 + [y/t]λ)p′
)r/q′
vp
′
(t)dt
)1/r
.
Besides, ‖S‖Lp→Lq ≈ BS with constants of equivalence depending, pos-
sibly, on p, q and λ. If q = 1 then
‖S‖Lp→L1 =
(∫
R+
(∫
R+
w(x)dx
xλ + tλ
)p′
vp
′
(t)dt
)1/p′
.
In view of the relation
(2.4)
1
2
[Hf(x) +H∗f(x)] ≤ Sf(x) ≤ Hf(x) +H∗f(x), f ≥ 0,
some properties of S can be interpreted through the Hardy operator
Hf(x) := x−λw(x)
∫ x
0
f(y)v(y)dy
and its dual transformation H∗f(x) := w(x)
∫∞
x
f(y)y−λv(y)dy. Alter-
native criteria for Lp−Lq–boundedness of S, in comparison with The-
orem 2.9, follow from results for Hardy integral operators and cover
even the case 0 < q < 1 (see theorems 4.1 and 4.2 for details).
Theorem 2.10. (i) If 1 < p ≤ q <∞ then the operator S is bounded
from Lp to Lq if and only if AH + AH∗ < ∞, where ‖S‖Lp→Lq ≈
AH + AH∗ and
AH := sup
t∈R+
AH(t) := sup
t∈R+
[
V0(t)
]1/p′[
Wt(∞)
]1/q
,(2.5)
AH∗ := sup
t∈R+
AH∗(t) := sup
t∈R+
[
Vt(∞)
]1/p′[
W0(t)
]1/q
.(2.6)
(ii) If 0 < q < 1 < p < ∞ or 1 < q < p < ∞ then S : Lp → Lq if and
only if BH +BH∗ <∞, where ‖S‖Lp→Lq ≈ BH +BH∗ and
BH :=
(∫
R+
[
V0(t)
]r/p′[
Wt(∞)
]r/p
t−λqwq(t)dt
)1/r
,
BH∗ :=
(∫
R+
[
Vt(∞)
]r/p′[
W0(t)
]r/p
wq(t)dt
)1/r
.
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Besides, if q > 1 then
BH = (q/p
′)1/r
(∫
R+
[
V0(t)
]r/q′[
Wt(∞)
]r/p
vp
′
(t)dt
)1/r
,
BH∗ = (q/p
′)1/r
(∫
R+
[
Vt(∞)
]r/q′[
W0(t)
]r/q
t−λp
′
vp
′
(t)dt
)1/r
.
(iii) Let 0 < q ≤ 1 = p. If 0 < q < 1 then the Stieltjes transformation S
is L1−Lq–bounded if and only if B1,H+B1,H∗ <∞, where ‖S‖L1→Lq ≈
B1,H +B1,H∗ and
B1,H :=
(∫
R+
v¯0(t)
q/(1−q)
[
Wt(∞)
]q/(1−q)
t−λqwq(t)dt
)(1−q)/q
,
B1,H∗ :=
(∫
R+
[
t−λv¯t(∞)
]q/(1−q) [
W0(t)
]q/(1−q)
wq(t)dt
)(1−q)/q
.
If q = 1 then
‖S‖L1→L1 ≈ sup
t∈R+
v¯0(t)
∫ ∞
t
x−λw(x)dx+ sup
t∈R+
v¯t(∞)t
−λ
∫ t
0
w(x)dx.
We conclude the paragraph by giving a general boundedness criterion
for an integral operator T defined by (1.1) and acting from L1 to Lq,
when 1 < q <∞.
Theorem 2.11. [11, Ch. XI, §1.5, Theorem 4] Let 1 < q < ∞. The
operator T with measurable on R+×R+ kernel kT (x, y) ≥ 0 is bounded
from L1 to Lq if and only if
‖kT‖L∞[Lq] := ess sup
t∈R+
‖w(·)kT (·, t)v(t)‖q <∞.
Besides, ‖T‖L1→Lq = ‖kT‖L∞[Lq].
2.2. Compactness. Suppose I ⊂ R+ and J ⊂ R+ are intervals of
finite Lebesgue measure, that is mes I :=
∫
I
dx <∞ and mes J <∞.
Let K be an integral operator from Lp(I) to Lq(J) of the form
Kf(x) =
∫
I
k(x, y)f(y)dy, x ∈ J.
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Assume K0 : L
p(I)→ Lq(J) is a positive operator
K0f(x) =
∫
I
k0(x, y)f(y)dy, x ∈ J,
such that Kf ≤ K0|f |. Then K is called a regular operator (see [12,
§ 2.2] or [19, Definition 3.5]) with a majorant operator K0. Note that
the last inequality ensues from the expression |k(x, y)| ≤ k0(x, y) (see
[12, § 5.6]).
Below we adduce two remarkable results on compactness of linear
regular integral operators by M.A. Krasnosel’skii, P.P. Zabreiko, E.I.
Pustyl’nik and P.E. Sobolevskii [12]. The first theorem gives conditions
for the compactness of integral operators from Lp(I) to Lq(J), when
0 < q ≤ 1 < p <∞.
Theorem 2.12. [12, p. 94, Theorem 5.8] Every linear regular integral
operator K : Lp(I)→ Lq(J) is compact, when 0 < q ≤ 1 < p <∞.
The second theorem is on compactness of linear regular integral op-
erators with compact majorants. The statement as well as Theorem
2.12 is true for any I ⊆ R+ and J ⊆ R+.
Theorem 2.13. [12, p. 97, Theorem 5.10] Take |k(x, y)| ≤ k0(x, y)
and suppose K0 is compact from L
p(I) to Lq(J) for 1 < p ≤ ∞ and
1 ≤ q <∞. Then the operator K : Lp(I)→ Lq(J) is compact as well.
The next theorem is on relative compactness of a subset of Lq(R+),
1 ≤ q <∞.
Theorem 2.14. [1, Theorem 2.21] Let 1 ≤ q <∞ and Ω be a bounded
subset of Lq(R+). Then Ω is relatively compact if and only if for all
ε > 0 there exists δ > 0 and a subset I ⊂ R+ such that for every g ∈ Ω
and every h ∈ R+ with h < δ∫
R+
|g(x+ h)− g(x)|q dx < εq,
∫
R+\I
|g(x)|q dx < εq.
We finalize the section by giving a statement obtained in [13, Lemma
4] for Banach function spacesX and Y with absolutely continuous (AC)
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norms. A space X has AC-norm if for all f ∈ X, ‖fχEn‖X → 0 for
every sequence of sets {En} ⊂ R
+ such that χEn(x) → 0 a.e. We
shall apply this statement when X = Lp, 1 < p < ∞, and Y = Lq,
1 ≤ q <∞.
Lemma 2.15. [13, Lemma 4] Let 1 < p < ∞, 1 ≤ q < ∞ and
T : Lp → Lq be an integral operator of the form (1.1). T is compact if
(2.7) MT :=
∥∥∥∥∥w(x)k(x, ·)v(·)∥∥
p′
∥∥∥
q
<∞.
3. COMPACTNESS OF THE LAPLACE TRANSFORM
Theorem 3.1. (i) If 1 < p ≤ q <∞ then the operator L : Lp → Lq is
compact if and only if AL <∞ and the conditions (2.3) are fulfilled.
(ii) Let 1 ≤ q < p < ∞. If q > 1 then L : Lp → Lq is compact if and
only if BL <∞. If q = 1 then L is compact if and only if Bp <∞.
(iii) Let 0 < q < 1 < p < ∞. The operator L : Lp → Lq is compact if
BL <∞. If L is compact from L
p to Lq then ‖Bq‖p′ <∞.
(iv) Let 0 < q < 1 = p. L is compact from L1 to Lq if Bq′ <∞. If L is
L1 − Lq–compact then ess supt∈R+ Bq(t) <∞.
(v) Let 1 = p ≤ q <∞. The operator L is L1−Lq-compact if and only
if
ess sup
t∈R+
B¯q(t) <∞ and lim
t→0
B¯q(t) = lim
t→∞
B¯q(t) = 0.
Proof. (i) Sufficiency. Suppose AL < ∞ and lim
t→0
AL(t) = lim
t→∞
AL(t) =
0. Put 0 < a < b <∞ and denote
L0f := L(fχ(a,b)), L1f := L(fχ[0,a]), L2f := L(fχ[b,∞)).
Obviously,
(3.1) Lf(x) =
2∑
i=0
Lif(x).
Since AL < ∞ then L is bounded from L
p to Lq by Theorem 2.2(a).
This yields Lp−Lq–boundedness of the operator L0f, which is regular
with a majorant operator L0|f | bounded from L
p to Lq as well.
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According to Lemma 2.15 the operator L0 : L
p → Lq is compact if
(3.2) ML0 :=
∥∥∥∥∥χ(a,b)(·)kL(x, ·)v(·)∥∥p′∥∥∥q <∞.
Since 0 < a < b <∞ and vp
′
∈ Lloc(R
+) we have
M qL0 ≤
1
aλq
[
Va(b)
]q/p′
<∞.(3.3)
Therefore, L0 is compact from L
p to Lq for any 0 < a < b <∞.
Now consider the operators Li, i = 1, 2. By Theorem 2.7(a) we have:
‖L1‖Lp→Lq ≤ 2β1 sup
0≤t≤a
t−λ/q
[
V0(t)
]1/p′
,(3.4)
‖L2‖Lp→Lq ≤ β1 sup
b≤t<∞
t−λ/q
[
Vb(t)
]1/p′
.(3.5)
The conditions (2.3) yield
lim
a→0
sup
0≤t≤a
t−λ/q
[
V0(t)
]1/p′
= lim
t→0
AL(t) = 0,
lim
b→∞
sup
b≤t<∞
t−λ/q
[
Vb(t)
]1/p′
≤ lim
t→∞
AL(t) = 0.
Together with (3.4) and (3.5) this gives:
(3.6) lim
a→0
‖L1‖Lp→Lq = 0, lim
b→∞
‖L2‖Lp→Lq = 0.
Therefore, (3.1) implies
‖L − L0‖Lp→Lq ≤ ‖L1‖Lp→Lq + ‖L2‖Lp→Lq ,(3.7)
and now the operator L : Lp → Lq is compact as a limit of compact
operators, when a→ 0 and b→∞.
Necessity. Suppose now L is compact from Lp to Lq. Then L is
Lp − Lq–bounded and AL <∞ by Theorem 2.2(a).
To prove (2.3) we assume {zk}k∈Z ⊂ R
+ is an arbitrary sequence. To
establish the claim (i) in (2.3) suppose limk→∞ zk = 0 and put
fk(t) = χ[0,zk](t)[v(t)]
p′−1
[
V0(zk)
]−1/p
.
Since ‖fk‖p = 1 then∣∣∣∣∫
R+
fk(y)g(y)dy
∣∣∣∣ ≤ (∫ zk
0
|g(y)|p
′
dy
)1/p′
→ 0, k →∞,
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for any g ∈ Lp
′
. Therefore, the sequence {fk}k∈Z converges weakly to
0 in Lp. Compactness of L : Lp → Lq yields strong convergence of
{Lfk}k∈Z in L
q, that is limk→∞ ‖Lfk‖q = 0. Besides, we have∫ ∞
0
(∫ ∞
0
e−xy
λ
fk(y)v(y)dy
)q
dx ≥
∫ ∞
0
e−qxz
λ
kdx
[
V0(zk)
]q/p′
=
AqL(zk)
q
.
Hence, limk→∞AL(zk) = 0. Since {zk}k∈Z is arbitrary, then (2.3)(i) is
proved.
For the proof of (2.3)(ii) we suppose limk→∞ zk =∞ and put
gk(t) = χ[0,z−λk ]
(t)z
λ/q′
k .
Since ‖gk‖q′ = 1 we have∣∣∣∣∫ ∞
0
f(x)gk(x)dx
∣∣∣∣ ≤ (∫ z−λk
0
|f(x)|qdx
)1/q
→ 0, k →∞,
for any f ∈ Lq, which means weak convergence of {gk}k∈Z in L
q′ . Com-
pactness of L : Lp → Lq, 1 < p, q <∞, implies Lq
′
− Lp
′
–compactness
of the dual operator
L∗g(y) := v(y)
∫ ∞
0
e−xy
λ
g(x)dx.
Therefore, {L∗gk}k∈Z strongly converges in L
p′ :
(3.8) lim
k→∞
‖L∗gk‖p′ = 0.
We obtain∫ ∞
0
vp
′
(y)
(∫ ∞
0
e−xy
λ
gk(x)dx
)p′
dy ≥ V0(zk)
(∫ z−λk
0
e−xz
λ
kdx
)p′
z
λp′/q′
k
≥ e−p
′
V0(zk)
(∫ z−λk
0
dx
)p′
z
λp′/q′
k = e
−p′z
−λp′/q
k V0(zk) = e
−p′Ap
′
L (zk).
Together with (3.8) this implies lim
k→∞
AL(zk) = 0, and now the condition
(2.3)(ii) is fulfilled by the arbitrariness of {zk}k∈Z.
Necessity in (ii), (iii) and (iv) follows by Theorem 2.2 from the hy-
pothesis of compactness and, therefore, boundedness of L.
(ii) Sufficiency of the conditions BL < ∞ (if 1 < q < p < ∞) and
Bp < ∞ (if q = 1) for the compactness of L is provided by Lemma
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2.15 and Theorem 2.7(b). Namely, if 1 < q < p <∞ then Lemma 2.15
yields Lp − Lq-compactness of L0 (see (3.3)), while norms L1 and L2
are estimated by Theorem 2.7(b) as follows:
‖L1‖Lp→Lq ≤ β2max
{
2,
(
r/p′
)1/r}(∫
R+
χ[0,a](t)BL(t)dt
)1/r
,
‖L2‖Lp→Lq ≤ β2
(∫
R+
χ[b,∞)(t)BL(t)dt
)1/r
.(3.9)
Thus, the condition BL < ∞ and the estimate (3.7) implies compact-
ness of L as a → 0, b → ∞. If q = 1 then L is compact by Lemma
2.15.
Sufficiency in (iii) and (iv) can be established as follows. Let BL <∞
if 0 < q < 1 < p <∞ or Bq′ <∞ if 0 < q < 1 = p. By Theorem 2.7(c)
we obtain the estimate (3.9) for the case 0 < q < 1 < p < ∞ (with
β3 instead of β2). By the part (iv) of the same theorem we have for
0 < q < 1 = p :
‖L2‖Lp→Lq ≤ β4
(∫
R+
χ[b,∞)(t)Bq′(t)dt
)1/r
.
Thus, the condition BL < ∞ (or Bq′ < ∞) yields ‖L2‖Lp→Lq → 0 as
b→∞.
Now consider the operator Lbf := L0f + L1f = L(fχ[0,b]). The
hypothesis BL < ∞ (or Bq′ < ∞) suffices for the boundedness of L
(see Theorem 2.2). Therefore, Lb is bounded as well. To prove the
compactness of Lb we shall use an extension of Theorem 2.12 for the
case when an operatorK is acting to Lq on the whole R+. Similar to [12,
Theorem 5.8] we consider first a set Mh := {f ∈ L
p(a, b) : |f | ≤ h},
where h is an arbitrary positive number. Under this condition and
in view of mes[0, b] < ∞ the operator Lb is bounded from L
∞[0, b]
to Lq. Compactness of Lb : Mh → L
q can be proved similar to [12,
Theorem 5.2]. It remains to note that the rest transformation Lb :
{Lp[0, b] \ Mh} → L
q has a norm tending to 0 as h → +∞ (see [12,
Theorem 5.8] for details). Therefore, the operator Lb : L
p[0, b] → Lq,
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0 < q < 1 ≤ p < ∞, is compact as a limit of compact operators as
h→ +∞.
Summing up we can claim that (1.2) is compact from Lp to Lq,
0 < q < 1 ≤ p < ∞, on the strength of ‖L2‖Lp→Lq → 0, b → ∞,
compactness of Lb and
‖L − Lb‖Lp→Lq = ‖L2‖Lp→Lq .(3.10)
(v) Sufficiency. Suppose ess supt∈R+ B¯q(t) <∞ and
(3.11) (i) lim
t→0
B¯q(t) = 0, (ii) lim
t→∞
B¯q(t) = 0.
Put
Laf(x) := e
−xaλ
∫ b
a
f(y)v(y)dy, x ∈ R+,
where 0 < a < b <∞, and note that La is the operator of rank 1 with
the norm
‖La‖L1→Lq = q
−1/qa−λ/q v¯a(b) <∞.
Besides, La is a majorant for the operator L0, which is L
1−Lq–bounded
with the norm estimated as follows:
‖L0‖L1→Lq = ‖L‖L1(a,b)→Lq = q
−1/q ess sup
a<t<b
B¯q(t) =: q
−1/qM <∞.
Suppose {fn}n∈Z is an arbitrary bounded sequence in L
1(a, b) and as-
sume {fnk} is its Cauchy subsequence, that is for any ε0 > 0 there
exists N(ε0) such that
‖fnk − fmk‖1,(a,b) < ε0, nk, mk > N(ε0).
Put Enk ,mk(ε) :=
{
x ∈ R+ :
∣∣L0fnk(x) − L0fmk(x)∣∣ > ε}. We have for
any ε > 0 :∫
Enk,mk (ε)
dx ≤ ε−1
∫
R+
∣∣∣∫ b
a
e−xy
λ
[fnk(y)− fmk(y)]v(y)dy
∣∣∣dx
≤ ε−1
∫ b
a
y−λ
∣∣fnk(y)− fmk(y)∣∣v(y)dy
≤ ε−1Ma−λ/q
′
‖fnk − fmk‖1,(a,b).
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If ε0 = εδa
λ/q′M−1 then µLq(Enk,mk(ε)) < δ as nk, mk > N(ε, δ) for any
ε > 0, δ > 0. Therefore, L0 is compact in measure. Thus, L0 is L
1−Lq–
compact as a transformation majorated by the compact operator La
(see [12, Ch. 2, §5.6]).
Further,
‖L1‖L1→Lq = q
−1/q ess sup
t∈[0,a]
Bq(t) ≤ q
−1/q sup
t∈[0,a]
B¯q(t),
‖L2‖L1→Lq ≤ q
−1/q ess sup
t∈[b,∞)
t−λ/qv¯b(t) ≤ q
−1/q sup
t∈[b,∞)
B¯q(t).
Since the conditions (3.11) are fulfilled we can state that L1 and L2
are operators with small norms, when a → 0, b → ∞. Together with
compactness of L0 this implies the compactness of L from L
1 to Lq for
all 1 ≤ q <∞.
Necessity. Suppose L is L1−Lq–compact. Then the claim ess sup
t∈R+
B¯q(t)
< ∞ follows from theorems 2.2(iv), 2.1 and 2.11. As for necessity of
(3.11)(i), note that
Lf = L(fχ[0,x−1/λ]) + L(fχ[x−1/λ,∞)) := Lxf + L
xf
and Lx, L
x are compact. Besides, the condition (3.11)(i) is equivalent
to
(3.12) lim
k→−∞
2−λk/qv¯0(2
k) = 0.
Now suppose the contrary. Then, similar to [8, p. 84], given γ ∈ (0, 1)
there is a sequence kj → −∞, some ε > 0 and functions fkj ≥ 0,
‖fkj‖L1 ≤ 1, such that∫ 2kj
0
fm(y)v(y)dy ≥ γ v¯0(2
kj), and 2−kjλ/qv¯0(2
kj) ≥ ε.
By continuity of the integral, there are βkj ∈ (0, 2
kj) such that∫ 2kj
βkj
fkj(y)v(y)dy ≥ γ
2 v¯0(2
kj).
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Set Fkj = fkjχ(βkj ,2
kj ). Then we have for ki and kj such that 2
ki+1 <
βkj :
‖LxFki − LxFkj‖
q
q =
∫
R+
∣∣∣∣∣
∫ x−1/λ
0
e−xy
λ
[Fki(y)− Fkj(y)]v(y)dy
∣∣∣∣∣
q
dx
= λ
∫
R+
s−λ−1
∣∣∣∣∫ s
0
e−(y/s)
λ
[Fki(y)− Fkj (y)]v(y)dy
∣∣∣∣q ds
=: ‖L˜xFki − L˜xFkj‖
q
q ≥ ‖χ(2ki ,2ki+1)(L˜xFki − L˜xFkj )‖
q
q
= ‖χ(2ki ,2ki+1)L˜xFki‖
q
q
= λ
∫ 2ki+1
2ki
s−λ−1
(∫ 2ki
βki
e−(y/s)
λ
fki(y)v(y)dy
)q
ds
≥ e−1λ
∫ 2ki+1
2ki
s−λ−1ds
(∫ 2ki
βki
fki(y)v(y)dy
)q
≥ γ2q
2λ − 1
2λe
2−λki [v¯0(2
ki)]q ≥ γ2q
2λ − 1
2λe
εq > 0,
and Lx is not compact.
Necessity of (3.11)(ii) can be established by the similar way obtaining
a contradiction with the compactness of Lx. Another way to prove
(3.11)(ii) for q > 1 is analogous to the proof of necessity (2.3)(ii) in the
part (i) of this theorem. 
Remark 3.2. The condition ess supt∈R+ B¯q(t) < ∞ in (v) may be re-
placed by ess supt∈R+ Bq(t) <∞.
4. COMPACTNESS OF THE STIELTJES TRANSFORM
We start from boundedness and compactness criteria for the Hardy
operator
H〈c1,c2〉f(x) := ψ(x)
∫ x
c1
f(y)φ(y)dy, 0 ≤ c1 ≤ x ≤ c2 ≤ ∞,
with weight functions φp
′
∈ Lloc(R
+) and ψq ∈ Lloc(R
+). Denote
Φc1(c2) :=
∫ c2
c1
φp
′
(y)dy, Ψc1(c2) :=
∫ c2
c1
ψq(x)dx.
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Theorem 4.1. (i) [6, 8, 14, 15, 20] Let 1 < p ≤ q < ∞. The operator
H〈c1,c2〉 is bounded from L
p〈c1, c2〉 to L
q〈c1, c2〉 if and only if
A〈c1,c2〉 := sup
c1<t<c2
A〈c1,c2〉(t) := sup
c1<t<c2
[
Φc1(t)
]1/p′[
Ψt(c2)
]1/q
<∞,
where ‖H〈c1,c2〉‖Lp〈c1,c2〉→Lq〈c1,c2〉 ≈ A〈c1,c2〉. Besides, H〈c1,c2〉 is compact
if and only if A〈c1,c2〉 <∞ and
lim
t→c1
A〈c1,c2〉(t) = lim
t→c2
A〈c1,c2〉(t) = 0.
(ii) [4, 14] If 0 < q < 1 < p < ∞ or 1 < q < p < ∞ then H〈c1,c2〉 is
bounded from Lp〈c1, c2〉 to L
q〈c1, c2〉 if and only if
B〈c1,c2〉 :=
(∫ c2
c1
[
Φc1(t)
]r/p′[
Ψt(c2)
]r/p
ψq(t)dt
)1/r
<∞,
where ‖H〈c1,c2〉‖Lp〈c1,c2〉→Lq〈c1,c2〉 ≈ B〈c1,c2〉.Moreover, finiteness of B〈c1,c2〉
gives a necessary and sufficient condition for the compactness of H〈c1,c2〉
if 1 < q <∞.
(iii) [23] Let 0 < q < 1 = p. The Hardy operator H〈c1,c2〉 is bounded
from L1〈c1, c2〉 to L
q〈c1, c2〉 if and only if Bq<1,〈c1,c2〉 <∞, where
Bq<1,〈c1,c2〉 :=
(∫ c2
c1
[ess sup
c1<y<t
φ(y)]q/(1−q)
[
Ψt(c2)
]q/(1−q)
ψq(t)dt
)(1−q)/q
and ‖H〈c1,c2〉‖L1〈c1,c2〉→Lq〈c1,c2〉 ≈ Bq<1,〈c1,c2〉.
(iv) [8] If p = 1 ≤ q < ∞ then H〈c1,c2〉 is bounded from L
1〈c1, c2〉 to
Lq〈c1, c2〉 if and only if B1≤q,〈c1,c2〉 <∞, where
B1≤q,〈c1,c2〉 := sup
c1≤t≤c2
[
ess sup
c1<y<t
φ(y)
][
Ψt(c2)
]1/q
and ‖H〈c1,c2〉‖L1〈c1,c2〉→Lq〈c1,c2〉 ≈ B1≤q,〈c1,c2〉.
Some of the results collected in Theorem 4.1 are also referenced in
[22] and [23]. Besides, similar statement is true for the operator
H∗〈c1,c2〉f(x) := ψ(x)
∫ c2
x
f(y)φ(y)dy, 0 ≤ c1 ≤ x ≤ c2 ≤ ∞.
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Theorem 4.2. (i) If 1 < p ≤ q < ∞ then H∗〈c1,c2〉 : L
p〈c1, c2〉 →
Lq〈c1, c2〉 if and only if
A∗〈c1,c2〉 := sup
c1<t<c2
A∗〈c1,c2〉(t) := sup
c1<t<c2
[
Φt(c2)
]1/p′[
Ψc1(t)
]1/q
<∞,
with ‖H∗〈c1,c2〉‖Lp〈c1,c2〉→Lq〈c1,c2〉 ≈ A
∗
〈c1,c2〉
. Moreover, H∗〈c1,c2〉 is compact
if and only if A∗〈c1,c2〉 <∞ and
lim
t→c1
A∗〈c1,c2〉(t) = limt→c2
A∗〈c1,c2〉(t) = 0.
(ii) H〈c1,c2〉 is bounded from L
p〈c1, c2〉 to L
q〈c1, c2〉 for 0 < q < 1 < p <
∞ or 1 < q < p <∞ if and only if
B∗〈c1,c2〉 :=
(∫ c2
c1
[
Φt(c2)
]r/p′[
Ψc1(t)
]r/p
ψq(t)dt
)1/r
<∞.
Besides, ‖H∗〈c1,c2〉‖Lp〈c1,c2〉→Lq〈c1,c2〉 ≈ B
∗
〈c1,c2〉
and the condition B∗〈c1,c2〉 <
∞ is necessary and sufficient for the compactness of H∗〈c1,c2〉 if 1 ≤ q <
∞.
(iii) [23] Let 0 < q < 1 = p. The Hardy operator H∗〈c1,c2〉 is bounded
from L1〈c1, c2〉 to L
q〈c1, c2〉 if and only if B
∗
q<1,〈c1,c2〉
<∞, where
B∗q<1,〈c1,c2〉 :=
(∫ c2
c1
[ess sup
t<y<c2
φ(y)]q/(1−q)
[
Ψc1(t)
]q/(1−q)
ψq(t)dt
)(1−q)/q
and ‖H∗〈c1,c2〉‖L1〈c1,c2〉→Lq〈c1,c2〉 ≈ B
∗
q<1,〈c1,c2〉
.
(iv) [8] If p = 1 ≤ q < ∞ then H∗〈c1,c2〉 is bounded from L
1〈c1, c2〉 to
Lq〈c1, c2〉 if and only if B
∗
1≤q,〈c1,c2〉
<∞, where
B∗1≤q,〈c1,c2〉 := sup
c1≤t≤c2
[
ess sup
t<y<c2
φ(y)
][
Ψc1(t)
]1/q
and ‖H∗〈c1,c2〉‖L1〈c1,c2〉→Lq〈c1,c2〉 ≈ B
∗
1≤q,〈c1,c2〉
.
Now put Λ :=
(∫
R+
(∫
R+
w(x)dx
xλ+yλ
)p′
vp
′
(y)dy
)1/p′
,
SH := sup
t∈R+
v¯0(t)
[
Wt(∞)
]1/q
, SH∗ := sup
t∈R+
v¯t(∞)t
−λ
[
W0(t)
]1/q
,
SH,a(t) := v¯0(t)
[
Wt(a)
]1/q
, SH∗,a(t) := v¯t(a)t
−λ
[
W0(t)
]1/q
,
SH,b(t) := v¯b(t)
[
Wt(∞)
]1/q
, SH∗,b(t) := v¯t(∞)t
−λ
[
Wb(t)
]1/q
.
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Compactness criteria for the Stieltjes transformation S : Lp → Lq
read
Theorem 4.3. (i) If 1 < p ≤ q < ∞ then S : Lp → Lq is com-
pact if and only if AH + AH∗ < ∞ and limt→0[AH(t) + AH∗(t)] =
limt→∞[AH(t) + AH∗(t)] = 0.
(ii) Let 0 < q < p < ∞ and p > 1. If q 6= 1 then S is compact if and
only if BH +BH∗ <∞. If q = 1 then S is L
p−L1–compact iff Λ <∞.
(iii) If 0 < q < 1 = p then S is Lp − Lq–compact if and only if
B1,H +B1,H∗ <∞.
(iv) If p = 1 ≤ q < ∞ then the operator S : Lp → Lq is compact if
and only if SH + SH∗ < ∞ and lima→0 sup0<t<a[SH,a(t) + SH∗,a(t)] =
limb→∞ supb<t<∞[SH,b(t) + SH∗,b(t)] = 0.
Proof. (i) Let 1 < p ≤ q < ∞ and suppose AH + AH∗ < ∞ (see (2.5)
and (2.6)). Besides, assume
(4.1) (i) lim
t→0
[AH(t) + AH∗(t)] = 0, (ii) lim
t→∞
[AH(t) + AH∗(t)] = 0.
By theorems 4.1(i) and 4.2(i) these conditions guaranty the compact-
ness of the operator H(|f |) + H∗ (|f |) , which is a majorant for the
transformation S (see the relation (2.4)). From here the compactness
of S : Lp → Lq ensues by Theorem 2.13.
The condition AH+AH∗ <∞ and (4.1) are also necessary for L
p−Lq–
compactness of S, when 1 < p ≤ q < ∞, by standard arguments for
the Hardy operators H and H∗.
(ii), (iii): Let 0 < q < p <∞ and p ≥ 1.
If q 6= 1 we suppose BH +BH∗ <∞ for p > 1 and B1,H +B1,H∗ <∞
for the case p = 1. Compactness of S in the case p > 1 is guaranteed
by BH + BH∗ <∞ (see theorems 2.12 and 2.13). If p = 1 and B1,H +
B1,H∗ <∞ the compactness of S can be stated similarly to sufficiency
of the conditions (iv) in Theorem 3.1.
If q = 1 then S is compact by Lemma 2.15 provided Λ <∞.
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Necessity of the condition BH +BH∗ <∞ in (ii) and B1,H +B1,H∗ <
∞ in (iii) ensues from the compactness and, therefore, boundedness of
the operator S.
(iv) It remains to consider the case p = 1 ≤ q < ∞. Suppose SH +
SH∗ <∞,
(i) lim
a→0
sup
0<t<a
[SH,a(t) + SH∗,a(t)] = 0,(4.2)
(ii) lim
b→∞
sup
b<t<∞
[SH,b(t) + SH∗,b(t)] = 0,
and prove sufficiency of these assumptions for the L1−Lq–compactness
of S.
In view of (4.2) given ε > 0 there exist 0 < r < R <∞ such that
sup
0<t<r
SH,r < ε/7, sup
0<t<r
SH∗,r < ε/7,(4.3)
sup
R<t<∞
SH,R < ε/7, sup
R<t<∞
SH∗,R < ε/7.(4.4)
Now we divide S into a sum
Sf = Sr,Rf +
2∑
i=1
[Sr,if + SR,if ]
of compact operators
Sr,Rf := χ(r,R)S(fχ(r,R)), Sr,1f := χ[0,R)S(fχ([0,r]),
SR,1f := χ[R,∞)S(fχ[0,R)), Sr,2f := χ[0,r]S(fχ(r,∞)),
SR,2f := χ(r,∞)S(fχ[R,∞)).
To confirm the compactness of these operators we shall use a combina-
tion of Theorem 2.14 and [9, Corollary 5.1]. That is we need to show
that for a given ε > 0 there exist δ > 0 and points 0 < s < t <∞ such
that for almost all y ∈ R+ and for every h > 0 with h < δ
(i) Jqs (y) :=
∫ s
0
|kS(x, y)|
q dx < εq,(4.5)
(ii) Jqt (y) :=
∫ ∞
t
|kS(x, y)|
q dx < εq
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and
(4.6) Jqh(y) :=
∫
R+
|kS(x+ h, y)− kS(x, y)|
q dx < εq,
where kS(x, y) := w(x)kS(x, y)v(y).
We start from the operator S := Sr,1+Sr,R+SR,2. Suppose h < δ(ε)
and write
Jh,S(y) = v(y)
(∫
R+
wq(x)
[
1
xλ + yλ
−
1
(x+ h)λ + yλ
]q
dx
)1/q
.
For simplicity consider the case λ = 1 and denote
Iq(c1,c2)(y, h) :=
∫ r
0
wq(x)dx
(x+ y)q(x+ y + h)q
.
We have
Jh,S(y) = hχ[0,r)(y)v(y)I(0,r)(y, h) + hχ[0,r)(y)v(y)I(r,R)(y, h)
+hχ(r,R)(y)v(y)I(r,R)(y, h) + hχ[R,∞)(y)v(y)I(r,R)(y, h)
+hχ[R,∞)(y)v(y)I(R,∞)(y, h) =:
5∑
i=1
Jh,i(y).
The conditions (4.3) and (4.4) imply Jh,1(y) ≤ 2ε/7, and Jh,5(y) ≤
2ε/7. To estimate Jh,2(y) note that
Jh,2(y) ≤ hr
−1v¯0(r)
[
Wr(∞)
]1/q
≤ hr−1SH .
From here, with δ = εr/7SH we obtain Jh,2 ≤ ε/7. Analogously, Jh,4 ≤
ε/7 if δ = εr/7SH∗.
For Jh,3 note that v¯r(R)
[
Wr(R)
]1/q
< M <∞ provided w ∈ Lqloc(R
+)
and v ∈ L∞loc(R
+). Therefore, Jh,3(y) ≤ hMr
−2 and Jh,3(y) ≤ ε/7 if
δ = εr2/7M.
Summing up, we obtain Jh,S(y) < ε for almost all y ∈ R
+, that is the
condition (4.6) is satisfied. Fulfillment of the claims (4.5) ensues from
(4.3) and (4.4) with s = r and t = R. Thus, the sum Sr,1 + Sr,R + SR,2
is compact.
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Compactness of the operator Sr,2 can be demonstrated as follows.
The condition (4.5)(ii) is automatically fulfilled with t = r. To demon-
strate (4.5)(i) note that ‖Sr,2‖L1→Lq ≈ v¯r(∞)r
−λ
[
W0(r)
]1/q
≤ SH∗ <
∞. Hence, given ε > 0 there exists 0 < s ≤ r such that Js,Sr,2(y) < ε.
The condition (4.6) may be shown analogously with δ = εrλ/SH∗ . Sim-
ilar arguments work for the operator SR,1.
Necessity of the conditions [SH +SH∗ ] <∞ and (4.2) follow from [8,
Lemma 1, Theorem 1] and the relation (2.4). 
Remark 4.4. In some special cases the compactness of S can be es-
tablished through the Laplace transformation (1.2). Indeed, by the
representation
(4.7) S = L∗wLv
with Lv ≡ L and L
∗
wf(x) := w(y)
∫
R+
e−xy
λ
f(x)dx we are able to state
the compactness of S : Lp → Lq if the conditions of Theorem 3.1
are fulfilled for either Lv : L
p → Lr or Lw : L
q′ → Lr
′
of the form
Lwf(x) :=
∫
R+
e−xy
λ
f(y)w(y)dy. Here the parameter r′ is such that
r′ = r/(r − 1) for r > 1. In particular, if w ≡ v and p = q′ ≤ q = p′
then S : Lp → Lp
′
is compact if
A = sup
t∈R+
A(t) := sup
t∈R+
t−λ/2
[
V0(t)
]1/p′
<∞
and limt→0A(t) = limt→∞A(t) = 0. Necessity of these conditions can
be proved by Theorem 2.9 and the inequality AS(t) ≥ A(t)
2.
5. CASES p =∞ AND q =∞.
In view of the representation (4.7) compactness criteria for the opera-
tor L from p =∞ and/or to q =∞ may be useful to state compactness
of the transformation S. To obtain the criteria we traditionally start
from boundedness.
Let L be the transform from L∞ to L∞. Then L is bounded if and
only if
(5.1) C1 := ‖v‖1 <∞.
ON COMPACTNESS OF LAPLACE AND STIELTJES TRANSFORMATIONS 23
If L is acting from L∞ to Lq, 1 < q < ∞, we remind that by Lemma
2.6∫
R+
(∫
R+
e−xy
λ
f(y)v(y)dy
)q
dx ≈
∫
R+
(∫ y
0
f(t)v(t)dt
)q
y−λ−1dy.
Together with [14, §1.3.2, Th.1] this gives
‖L‖L∞→Lq ≈
(∫
R+
t−λ
(∫ t
0
v(y)dy
)q−1
v(t)dt
)1/q
=: Cq>1.
If q = 1 then
‖L‖L∞→L1 =
∫
R+
y−λv(y)dy =: Cq=1.
Let q < 1. Then L is bounded from L∞ to Lq if Cq>1 < ∞. If
L : L∞ → Lq boundedly then
Cq<1 :=
∫
R+
t−λ/qv(t)dt <∞.
Suppose L is an operator from Lp to L∞, when p ≥ 1. If p = 1 then
‖L‖L1→L∞ = ‖v‖∞ =: C∞.
If p > 1 then L∗ is acting from L1 to Lp
′
, p′ > 1. This yields
‖L‖Lp→L∞ = ‖L
∗‖L1→Lp′ = ‖v‖p′ =: Cp′.
The estimate ‖L‖Lp→L∞ ≤ Cp′ here and in (5.1) ensues from Theorem
2.11. The reverse inequality follows by applying a function g(x) =
χ[0,t−λ)(x)t
λ into the L1 − Lp
′
–norm inequality for the operator L∗.
Let Cq denote Cq>1 or Cq=1 depending on a range of the parameter
q. Now we can state the required compactness criteria for L.
Theorem 5.1. (i) Let 1 ≤ q < ∞. L is compact from L∞ to Lq iff
Cq <∞.
(ii) Let q < 1. The operator L is L∞ − Lq–compact if Cq>1 < ∞. If L
is compact from L∞ to Lq then Cq<1 <∞.
(iii) If 1 < p ≤ ∞ then L is Lp − L∞–compact if and only if Cp′ <∞.
Proof. Proof of the results rests on [12, Theorem 5.2] and [1]. 
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Remark 5.2. The operator L can not be compact from L1 to L∞ for
any v.
Since the Stieltjes transformation S is two-weighted then its com-
pactness criteria for p = ∞ and/or q = ∞ can be derived from the
results of Sec. 4.
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